constructs a decomposition of the plane except for one singular point into incongruent equilateral triangles. Every neighbourhood of that point contains infinitely many pieces of the dissection, but the point itself is not covered. Moreover, Klaaßen gives a decomposition of an equilateral triangle except for three singular points.
The gap between dissections including a triangle of minimal size on the one hand and tilings allowing uncovered singular points on the other hand is large. The present note is devoted to a concept of tiling that admits accumulation phenomena, but does not accept uncovered points. The question for a locally finite tiling of the plane by incongruent equilateral triangles remains open. Let ℝ, ℚ, ℤ, and ℕ denote the sets of real, rational, integer and non-negative integer numbers, respectively. cl(S) stands for the closure of a set S ⊆ ℝ 2 . A family = {T i : i ∈ I } of subsets of the plane ℝ 2 will be called a tiling of a set S ⊆ ℝ 2 if S = i∈I T i and the interiors of any two distinct members of are disjoint (see e.g. [3, Chapter C] [1] ). We are going to present a construction of perfect tilings for certain sets S ⊆ ℝ 2 by equilateral triangles. Within this paper triangles are understood to be closed sets. The size of an equilateral triangle is its edge length. Our construction is based on an auxiliary decomposition of S into equilateral triangles and so-called auxiliary pieces. An auxiliary piece A ⊆ ℝ 2 is obtained by taking half of an equilateral triangle and removing its larger leg, including the end-points, as shown in Fig. 1(a) . The size of A is the length of the smaller leg. The missing leg A = cl(A) \ A is called the singular edge of A. In the illustrations all vertices belonging to the respective sets are emphasized and missing edges are dotted.
Theorem. Suppose a set S
where ℰ is a family of mutually incongruent equilateral triangles whose edge lengths belong to a set {c i 2 k : i ∈ {1, . . . , m}, k ∈ ℤ} with m ∈ ℕ and positive real numbers c i and is a family of auxiliary pieces such that the members of ∪ ℰ have pairwise disjoint interiors.
Then S admits a perfect tiling by equilateral triangles satisfying
Proof. It is enough to find families ℰ A , A ∈ , of equilateral triangles with pairwise disjoint interiors such that for all A ∈ one has
and all triangles from = ℰ ∪ A∈ ℰ A are of different size. Then is the required perfect tiling of S. Indeed, the tiling property is obvious. Moreover, if x ∈ ℝ 2 is singular with respect to , but not with respect to ∪ ℰ, then there are finite subfamilies ℰ ⊆ ℰ and ⊆ such that every sufficiently small open neighbourhood U of x satisfies {M ∈ ∪ ℰ : U ∩ M = ∅} ⊆ ∪ ℰ and therefore meets infinitely many triangles from
then every neighbourhood U of x meets infinitely many members of ∪ ℰ and thus in particular infinitely many triangles from A∈ ℰ A ∪ ℰ = or there exists some A 0 ∈ such that U meets infinitely many triangles from ℰ A 0 ⊆ . This yields x ∈ sing(T ). For defining the families ℰ A we introduce the process of n-reduction of an auxiliary piece A of size a for n ∈ {3, 4, . . .} (see Fig. 1 Since n ≥ 3, their sizes are bounded by The reductions will be performed in the following order: First we reduce A 1 , next A 2 and the successors of degree 1 of A 1 , then A 3 , the successors of degree 1 of A 2 and the successors of degree 2 of A 1 and so on. This way all reductions are done consecutively. Suppose that r ≥ 0 reduction steps are already performed. Let A be the next auxiliary piece that is to reduce. This has to be done in such a way that the sizes of the resulting equilateral triangles differ from those of the triangles from ℰ and of the finitely many, say s, triangles that have been obtained by the r previous reduction steps. According to the assumption concerning ℰ all forbidden sizes belong to some set C = {c i 2 k : i ∈ {1, . . . , m }, k ∈ ℤ}, where m ∈ ℕ, m ≤ m + s, and c i > 0. We put
Next we show that, for every i ∈ {1, . . . , m }, there exists at most one number n = n(i ) ∈ {3, 4, . . .} such that n-reduction of A produces a resulting triangle whose size is in C i : Suppose that T 1 and T 2 are triangles with sizes in C i that result from n 1 -reduction and n 2 -reduction of A, respectively. Their respective sizes must satisfy
where a is the size of A. Consequently, s 2 = 2 k 2 −k 1 s 1 and
In any of the four cases we obtain an equality of two completely canceled fractions. Hence their denominators agree. This gives 2 n 2 − 1 = 2 n 1 − 1, which shows that n 1 = n 2 = n(i ) is unique. The last observation tells us that there exist at most m numbers n ∈ {3, 4, . . .} such that n-reduction of A produces a triangle of forbidden size. Thus we can pick some n(A) ∈ {3, 4, . . .} such that the n(A)-reduction of A results in equilateral triangles of sizes different from the previously given triangles.
This shows that there exists a sequence of consecutive reductions that lead to a perfect tiling . The proof is complete. The assumption S = A∈ cl(A) ∪ E∈ℰ E in the theorem is a necessary consequence of S = A∈ A ∪ E∈ℰ E if S is closed. In that situation we obtain the following.
Corollary 1. Suppose a closed set F ⊆ ℝ 2 is of the form F = A∈ A ∪ E∈ℰ E where ℰ is a family of mutually incongruent equilateral triangles whose edge lengths belong to a set {c
i 2 k : i ∈ {1, . .
. , m}, k ∈ ℤ} with m ∈ ℕ and positive real numbers c i and is a family of auxiliary pieces such that the members of ∪ ℰ have pairwise disjoint interiors. Then F admits a perfect tiling by equilateral triangles.
Corollary 1 provides a perfect tiling of an equilateral triangle E by countably many equilateral triangles: Fig. 2 (a) illustrates an auxiliary decomposition ∪ ℰ of E consisting of three auxiliary pieces and one equilateral triangle. Note that every triangle T admitting a tiling by equilateral triangles is necessarily equilateral: Every vertex of T must belong to some tile. Hence every inner angle of T has a size of at least
When does a (closed) polygon P ⊆ ℝ 2 admit a perfect tiling by equilateral triangles? Does it suffice that the sizes of all inner angles of P are at least Fig. 2(b) ). The families Every R ∈ can be dissected into three auxiliary pieces
, as is illustrated in Fig. 2(b) . Then = {A i (R) : R ∈ , i ∈ {1, 2, 3}} is a tiling of G by auxiliary pieces such that, moreover, cl(A) = cl(A i (R)) ⊆ cl(R) ⊆ G for every A = A i (R) ∈ . Hence the theorem can be applied to S = G, ℰ = ∅ and that very . This yields the claim.
□ Corollary 2 provides a perfect tiling of the plane G = ℝ 2 by equilateral triangles. In that particular situation the proof of the corollary gives = 0 = ℱ 0 and the decomposition is obtained by dissecting all half-open rectangles from ℱ 0 into three auxiliary pieces as in Fig. 2(b) . The dotted lines in the figure represent the singularities of in the respective rectangle, as is stated by the theorem. So the set of all singularities is the union of countably many line segments and cannot be covered by finitely many straight lines. i : 1 ≤ i ≤ 12, k ∈ ℤ satisfy the assumptions of the theorem, which in turn gives a perfect tiling of the plane by equilateral triangles whose set of singularities is the union of the 12 missing sides of the cones C i .
How small can the set of singularities of a perfect tiling of the Euclidean plane by equilateral triangles be? Can it be countable, discrete, finite or even empty?
We have found a perfect tiling of an equilateral triangle by equilateral triangles whose set of singularities is the union of three line segments (see Fig. 2(a) ). Can an equilateral triangle be perfectly tiled by countably many equilateral triangles such that there are only countably many or even finitely many singularities?
